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Abstract
The classical mechanics of a finite number of degrees of freedom requires a
symplectic structure on phase space C, but it is independent of any complex struc-
ture. On the contrary, the quantum theory is intimately linked with the choice of a
complex structure on C. When the latter is a complex–analytic manifold admitting
just one complex structure, there is a unique quantisation whose classical limit is
C. Then the notion of coherence is the same for all observers. However, when C
admits two or more nonbiholomorphic complex structures, there is one different
quantisation per different complex structure on C. The lack of analyticity in trans-
forming between nonbiholomorphic complex structures can be interpreted as the
loss of quantum–mechanical coherence under the corresponding transformation.
Observers using one complex structure perceive as coherent the states that other
observers, using a different complex structure, do not perceive as such. This is
the notion of a quantum–mechanical duality transformation: the relativity of the
notion of a quantum.
Keywords: Classical phase space; quantisation.
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1 Introduction
1.1 Notations
Throughout this article, C will denote a real 2n–dimensional symplectic manifold (clas-
sical phase space), endowed with a symplectic form ω and local Darboux coordinates
ql, pl, l = 1, . . . , n. A complex structure on C, compatible with the symplectic struc-
ture, will be denoted by J , and an almost complex structure by J . Upon quantisation
there will be a complex, separable Hilbert spaceH of quantum states. The notationsF
and L respectively stand for a foliation of C and its leaves. Holomorphic line bundles
over C, denoted N(C), are classified by the Picard group of C, denoted Pic (C). The
moduli space of complex structures on C that are compatible with ω will be M(C).
The group of symplectic diffeomorphisms of C with respect to ω (canonical transfor-
mations) will be denoted Sp(C, ω), and the group of biholomorphic diffeomorphisms
of C with respect to J by Diff(C,J ) [1, 2, 3] .
1.2 Motivation
Duality plays a pivotal role in recent breakthroughs in the quantum theories of fields,
strings and branes [4]. Under duality one understands a transformation of a given
theory, in a certain regime of the variables and parameters that define it, into a phys-
ically equivalent theory with different variables and parameters. Often, what appears
to be a highly nontrivial quantum excitation in a given theory turns out to be a simple
perturbative correction from the viewpoint of a theory dual to the original one. This
suggests that what constitutes a quantum correction may be a matter of convention: the
notion of classical vs. quantum is relative to which theory the measurement is made
from, and that there is a relativity in the notion of a quantum [4]. As a consequence,
that quantum–mechanical coherence is also theory–dependent, or observer–depedent.
What one observer calls a coherent state need not be coherent to another observer.
On the other hand, coherent states are quantum–mechanical states that enjoy semi-
classical properties [5]. One definition of coherent states uses the Heisenberg inequality
∆q∆p ≥ h¯/2. The latter is saturated precisely by coherent states. Planck’s constant
h¯ can be interpreted formally as a parameter measuring how far quantum mechanics
deviates from classical mechanics [6].
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The standard formulation of quantum mechanics does not allow for the relativity
of the concept of a quantum that underlies the notion of duality. The limit h¯→ 0 is the
semiclassical regime, and the limit h¯ → ∞ is the strong quantum regime. Under the
usual formulation of quantum mechanics, if one observer calls a certain phenomenon
semiclassical, then so will it be for all other observers. If one observer calls a certain
phenomenon strong quantum, then so will it be for all other observers. Following the
suggestion of ref. [4], the purpose of this article is to expand on previous work [7]
aimed at developing a formalism for quantum–mechanical dualities.
1.3 Summary of main results
Our analysis concerns three possibilities for C: the case when it admits no complex
structure (compatible with the symplectic structure), the case when it admits a unique
complex structure (compatible with the symplectic structure), and the case of more
than one complex structure (compatible with the symplectic structure). In terms of the
moduli space of complex structures, these respectively correspond to the cases when
M(C) is empty, when it contains just one point, or more than one point.
Coherent states can always be defined locally, i.e., in the neighbourhood of any
point on C. This is merely a restatement, in physical terms, of Darboux’s theorem for
symplectic manifolds. In the presence of a complex structure, coherence becomes a
global property on C. In the absence of a complex structure, however, the best we can
do is to combine Darboux coordinates ql, pl as ql+ipl. Technically this only defines an
almost complex structure on C [2]. Since the combination ql+ipl falls short of defining
a complex structure, quantities depending on ql + ipl on a certain coordinate chart will
generally also depend on ql − ipl when transformed to another coordinate chart. This
proves that coherence remains a local property on classical phase space: observers not
connected by means of a holomorphic change of coordinates need not, and in general
will not, agree on what is a semiclassical effect vs. what is a strong quantum effect.
A complex structure on C is equivalent to a set of creation and annihilation oper-
ators for the quantum theory. We have shown in ref. [7] how J gives rise to a set of
creation and annihilation operators A†l and Al on H, and conversely. However, there
is one more piece of information that enters the quantum theory. One has to specify a
vacuum state with respect to which the quanta created and destroyed by A†l and Al are
measured. Like the creation and annihilation operators, this additional piece of infor-
mation also has a geometric origin. It is the Picard group Pic (C), which parametrises
holomorphic equivalence classes of holomorphic line bundlesN(C) [3]. Every element
of Pic (C) corresponds to a different equivalence class. The identity corresponds to the
trivial line bundle, while elements different from the identity correspond to nontrivial
line bundles. In ref. [8] we have proved that the vacuum state |0〉 of the quantum theory
is the fibrewise generator of such line bundles. (Using the terminology of ref. [8], in
the present article we restrict our attention to a given local trivialisation of the quantum
Hilbert–space vector bundle; we also consider the case of a nondegenerate vacuum.
These assumptions simplify our analysis without losing generality).
When C admits just one complex structure, there is a unique quantum mechanics
whose classical limit is C. Then the notion of quantum–mechanical coherence is the
same for all observers, and there is no room for an observer–dependence of the concept
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of a quantum. We would like to stress the fact that such is the case in all standard
applications of quantum mechanics (harmonic oscillator, Coulomb potential, angular
momentum). This is important, since whatever the extension is of quantum mechanics
that accommodates dualities, it must respect the fact that ordinary quantum mechanics
exhibits no dualities at all.
This picture changes whenM(C) has more than one point, i.e., when C admits two
or more nonbiholomorphic complex structures [3]. Then there is more than one way to
define quantum–mechanical creation and annihilation operators. Coherent states being
defined as eigenstates of the annihilation operator, there is one different coherent–state
quantisation per different complex structure on C. The lack of analyticity in trans-
forming between nonbiholomorphic complex structures can be recast as the loss of
quantum–mechanical coherence under the corresponding transformation. Observers
using one complex structure perceive as coherent the same states that observers using
a different complex structure do not perceive as such. This is precisely the notion of
duality.
2 Coherent states on complex phase spaces
The material of this section is well known, but we summarise it here for later use.
We begin by observing that M–theory dualities are often tested using BPS spectra [4].
Such states are stable thanks to supersymmetry. In quantum mechanics, the analogues
of BPS states are coherent states (which we use here under Weyl’s presentation [5]).
They are also stable under time evolution. Thus coherent states are useful kinematical
tools to analyse dualities in quantum mechanics.
Let us assume that C admits a unique complex structure J . Furthermore let J
be compatible with the symplectic structure ω. This means that the real and imagi-
nary parts of the holomorphic coordinates zl for J are Darboux coordinates for the
symplectic form ω:
zl = ql + ipl, l = 1, . . . , n. (1)
The set of all zl so defined provides a holomorphic atlas for C. Upon quantisation,
the Darboux coordinates ql and pl become operators Ql and Pl on H satisfying the
Heisenberg algebra
[Qj, Pk] = iδ
j
k. (2)
Define creation and annihilation operators
A†l = Q
l − iPl, A
l = Ql + iPl, l = 1, . . . , n. (3)
Quantum excitations are measured with respect to a vacuum state |0〉. The latter is
defined as that state in H which satisfies
Al|0〉 = 0, l = 1, . . . , n, (4)
and coherent states |zl〉 are eigenvectors of Al, with eigenvalues given in equation (1):
Al|zl〉 = zl|zl〉, l = 1, . . . , n. (5)
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How do the vacuum state |0〉 and the coherent states |zl〉 transform under a canon-
ical coordinate transformation on C? Call the new Darboux coordinates q′l, p′l. Upon
quantisation the corresponding operators Q′l, P ′l continue to satisfy the Heisenberg
algebra (2). Then the combinations
z′l = q′l + ip′l, l = 1, . . . , n (6)
continue to provide holomorphic coordinates for C, and the transformation between the
zl and the z′l is given by an n–variable holomorphic function f ,
z′ = f(z), ∂¯f = 0. (7)
We can write as above
A′l = Q′l + iP ′l , l = 1, . . . , n, (8)
A′l|0〉 = 0, l = 1, . . . , n, (9)
A′l|z′l〉 = z′l|z′l〉, l = 1, . . . , n. (10)
There is no physical difference between equations (3), (4) and (5), on the one hand, and
their holomorphic transforms (8), (9) and (10), on the other. Under the transformation
(7), the vacuum state |0〉 is mapped into itself, and the coherent states |zl〉 are mapped
into the coherent states |z′l〉. Therefore the notion of coherence is global for all ob-
servers on C, i.e., any two observers will agree on what is a coherent state vs. what is
a noncoherent state. A consequence of this fact is the following. Under holomorphic
diffeomorphisms of C, the semiclassical regime of the quantum theory is mapped into
the semiclassical regime, and the strong quantum regime is mapped into the strong
quantum regime.
Conversely, one can reverse the order of arguments in this section. Start from the
assumption that one can define global coherent states |zl〉 and a global vacuum |0〉
on the symplectic manifold C. Globality here does not mean that one can cover all
of C with just one coordinate chart (which is impossible if C is compact). Rather it
means that, under all symplectomorphisms of C, the vacuum is mapped into itself, and
coherent states are always mapped into coherent states. Then the coordinates zl defined
by the eigenvalue equations (5) provide a local chart for C. Collecting together the set
of all such possible local charts we obtain an atlas for C. This atlas is holomorphic
thanks to the property of globality.
To summarise, the existence of a complex structure J is equivalent to the existence
of a globally defined vacuum and globally defined coherent states.
3 Varying the complex structure
Up to now we have assumed that C admits a unique complex structure J which is kept
fixed throughout. Next we want to study the dependence of the quantum theory on the
choice made for J , in those cases when C admits more than one complex structure,
compatible with the symplectic structure. Let us first present some examples.
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The complex 1–dimensional torus T 2 is the quotient of the complex plane C, with
coordinate z, by the action of the group Z × Z whose generators are 1 and τ , where
Im τ > 0:
z ≃ z + 1, z ≃ z + τ. (11)
The moduli space M(T 2) is the quotient of the upper half–plane by the action of
SL(2,Z) [3]. In geometric quantisation T 2 is quantised as follows [9]. The Ka¨hler
form is
ω =
ipi
Im τ
dz ∧ dz¯. (12)
The quantum line bundle is the theta line bundle of degree 1, i.e., the holomorphic line
bundle whose global holomorphic sections are multiples of the Riemann theta function
θ(z, τ) =
∑
n∈Z
exp
(
ipiτn2 + 2ipinz
)
. (13)
This wavefunction generates the Hilbert space H. We see that the quantum theory
depends explicitly on the complex structure τ .
Let us now generalise the previous conclusions following a path–integral approach.
The quantum–mechanical transition amplitude from the initial state |q1, t1〉 to the final
state |q2, t2〉 is given by the phase–space path–integral
〈q2, t2|q1, t1〉 =
∫
DpDq exp
(
i
∫ t2
t1
dt (pq˙ −H(p, q))
)
. (14)
When H depends quadratically on p two simplifications occur. First, we have pq˙ −
H = L. Second, the integral over the momentum is Gaussian and can be carried out
explicitly. This gives, up to normalisation,
〈q2, t2|q1, t1〉 =
∫
Dq exp
(
i
∫ t2
t1
dt L(q˙, q)
)
. (15)
In a Hamiltonian approach, amplitudes are computed according to eqn. (14). Then
the path integral extends to all configurations of coordinate and momentum that are
compatible with a given complex structure on the torus. That is, a given complex
structure must be specified first and kept fixed throughout. Complex structures are not
integrated over in the Feynman path integral (14). These facts have a counterpart in the
Lagrangian approach (15), where one integrates over q only.
4 Quantum mechanics on complex phase spaces
We are now ready to generalise the previous conclusions to an arbitrary complex phase
space C. The latter carries a symplectic structure compatible with a complex structure.
For an introduction to the theory of deformations of complex structures, see ref. [10].
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4.1 Creation and annihilation operators: the choice of a complex
structure
Upon quantisation, the local Darboux coordinates ql and pl become selfadjoint opera-
tors Ql and Pl on H satisfying the Heisenberg algebra. One defines the creation and
annihilation operators as in eqn. (3). Then coherent states |zl〉 are given as in eqn. (5).
While the classical theory made use of coordinates and momenta, the quantum theory
naturally combines them into the complex combinations (3). This natural pairing of ql
and pl was absent in classical mechanics, where the complex combination zl = ql+ipl
was at most a useful artifact, devoid of any physical meaning. In the quantum theory,
the choice of a set of creation and annihilation operators is equivalent to the choice of
a complex structure on C.
4.2 Nonbiholomorphic complex structures: nonequivalent quanti-
sations
A complex structure is a global choice, modulo biholomorphic diffeomorphisms of C,
of a set of creation and annihilation operators for a quantum mechanics. We will see in
section 5.1 that an almost complex structure is a local choice of a set of creation and
annihilation operators, that cannot be extended globally over all C.
Quantum mechanics may be understood as performing an infinite expansion in
powers of h¯ around a certain classical mechanics. So above, globality means that any
two observers on C agree, order by order in this expansion, in their respective descrip-
tions of any given quantum phenomenon. In particular, if one observer perceives this
phenomenon as semiclassical, then so will the other observer. If one observer perceives
it as strong quantum, then so will the other observer. As a consequence, globality im-
plies that any two observers will agree on the notion of coherence. On the contrary,
locality means disagreement between different observers of the same given quantum
phenomenon, in their respective descriptions as an expansion in powers of h¯.
We ask ourselves if it is possible to allow for an observer–dependence of the vac-
uum state and of the notions of a quantum and of quantum–mechanical coherence,
without renouncing the power of complex analysis on C. We are thus led to consider-
ing two or more nonbiholomorphic complex structures J (α) labelled by an index α.
The latter runs over a certain moduli spaceM(C).
Since C is assumed to be a complex manifold, there is at least one point α ∈M(C).
The corresponding complex structure J (α) gives rise, in coherent–state quantisation,
to a globally–defined vacuum state |0(α)〉, plus a family of globally–defined creation
and annihilation operators Aj(α), A†k(α), satisfying
Aj(α)|0(α)〉 = 0,
[
Aj(α), A†k(α)
]
= δjk(α). (16)
Coherent states |zl(α)〉 are eigenvectors of the annihilation operators Al(α), with
eigenvalues zl(α) that provide holomorphic coordinates with respect to the complex
structure J (α):
Al(α)|zl(α)〉 = zl(α)|zl(α)〉, l = 1, . . . , n. (17)
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The corresponding quantum mechanics can be entirely expressed in terms of these
coherent states. Now, if M(C) consists of just one point, then eqns. (16), (17) are the
end of the story, and there is no possibility for an observer–dependence of the concept
of a quantum.
Next assume that there exists a second point β ∈ M(C), β 6= α. Eqns. (16), (17)
hold with β replacing α. Now the complex structures J (α) and J (β) are nonbiholo-
morphic. There exists no biholomorphic diffeomorphism between the zl(α) and the
zl(β). We can reexpress this by saying that we have two different quantum–mechanical
theories, call them QM(α) and QM(β), both possessing the same classical limit C.
Theory QM(α) has the vacuum |0(α)〉, the creators A†l (α) and the annihilators Al(α).
Theory QM(β) has the vacuum |0(β)〉, the creators A†l (β) and the annihilators Al(β).
Since the transformation from QM(α) to QM(β) is nonholomorphic, it follows that
the concept of a quantum depends on the observer. One observer on C using theory
QM(α) observes this phenomenon as a certain expansion in powers of h¯, another ob-
server using theory QM(β) does the same. However, there is at least one orderO(h¯m)
in their respective expansions in which the two observers differ—if they did not dif-
fer, the transformation between zl(α) and zl(β) would be biholomorphic, contrary to
assumption.
The latter statement needs some clarification. On first sight there appears to be no
link between the lack of analyticity in zl, on the one hand, and different power–series
expansions in h¯, on the other. That there is in fact a link can be seen as follows. Coher-
ent states are quantum–mechanical states with semiclassical properties. They saturate
Heisenberg’s inequality ∆q∆p ≥ h¯/2. As such they provide the first nontrivial order
in any series expansion in powers of h¯; corrections to this correspond to higher–order
effects that can be neglected in a semiclassical approximation. The loss of coherence
in the transformation between the states |zl(α)〉 and |zl(β)〉 means that already at the
first nontrivial order the two theories QM(α) and QM(β) disagree.
4.3 Dualities on complex phase spaces
A quantum–mechanical duality appears as the possibility of describing one given quan-
tum phenomenon in terms of two or more different series expansions in powers of h¯. In
this section we will put forward a proposal for accommodating duality transformations
in quantum mechanics when classical phase space is a complex manifold.
The jacobian matrix of a symplectic transformation has unit determinant. Under the
assumption of compatibility made in eqn. (1), we have that symplectic transformations
are holomorphic. However the converse is not true, as holomorphic transformations
need not have unit determinant. Compatibility between J and ω implies that only
holomorphic transformations with unit determinant are symplectic. We can rewrite
compatibility as the inclusion
Sp(C, ω) ⊂ Diff(C,J ). (18)
Implicitly assumed above is the fact that analyticity refers to a fixed complex structure
J . It is also assumed that the symplectic property refers to a given symplectic struc-
ture ω. However, assuming the existence of two or more nonbiholomorphic complex
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structures on C, say J (α) and J (β), both compatible with ω, we have the inclusions
Sp(C, ω) ⊂ Diff(C,J (α)), Sp(C, ω) ⊂ Diff(C,J (β)). (19)
Symplectomorphisms are holomorphic with respect to all compatible complex struc-
tures, and dualities arise as follows. Assume embedding Sp(C, ω) into two different
groups of biholomorphic diffeomorphisms of C as in eqn. (19). Then, as seen from
the complex structure J (β), dualities are elements of Diff(C,J (α)) that do not belong
to Sp(C, ω). Depending on the topology of C, the above expressions may need some
natural modifications. For example, when C is compact, only the constant function is
everywhere holomorphic. Then biholomorphic diffeomorphisms are to be considered
only on an open neighbourhood, instead of over all C.
In principle, any two points in the moduli space M(C) determine a duality trans-
formation of the quantum theory. Given C, an interesting question is to identify what
regions of M(C) are physically accessible.
5 Quantum mechanics on almost complex phase spaces
5.1 Coherent states
We now relax the conditions imposed on C. In this section we will assume that C carries
an almost complex structure J compatible with the symplectic structure ω.
Specificallly, an almost complex structure is defined as a tensor field J of type
(1, 1) such that, at every point of C, J2 = −1 [2]. Using Darboux coordinates ql, pl
on C let us form the combinations
wl = ql + ipl, l = 1, . . . , n. (20)
Compatibility between ω and J means that we can take J to be
J
(
∂
∂wl
)
= i
∂
∂wl
, J
(
∂
∂w¯l
)
= −i
∂
∂w¯l
. (21)
Unless C is a complex manifold to begin with, equations (20) and (21) fall short of
defining a complex structure J . The set of all such wl does not provide a holomor-
phic atlas for C. There exists at least one canonical coordinate transformation between
Darboux coordinates, call them (ql, pl) and (q′l, p′l), such that the passage between
wl = ql + ipl and w′l = q′l + ip′l is given by a nonholomorphic function g in n
variables,
w′ = g(w, w¯), ∂¯g 6= 0. (22)
Mathematically, nonholomorphicity implies the mixing of wl and w¯l. Quantum–
mechanically, the loss of holomorphicity has deep physical consequences. One would
write, in the initial coordinates wl, a defining equation for the vacuum state |0〉
al|0〉 = 0, l = 1, . . . , n, (23)
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where al = Ql + iPl is the corresponding local annihilation operator. However, one is
just as well entitled to use the new coordinates w′l and write
a′l|0′〉 = 0, l = 1, . . . , n, (24)
where we have primed the new vacuum, |0′〉. Are we allowed to identify the states |0〉
and |0′〉? We could identify them if w′l were a holomorphic function of wl; such was
the case in section 2. However, now we are considering a nonholomorphic transforma-
tion, and we cannot remove the prime from the state |0′〉. This is readily proved. We
have
a′ = G(a, a†), (25)
with G a quantum nonholomorphic function corresponding to the classical nonholo-
morphic function g of equation (22). As [aj , a†k] = δjk, ordering ambiguities will arise
in the construction of G from g, that are usually dealt with by normal ordering. Nor-
mal ordering would appear to allow us to identify the states |0〉 and |0′〉. However
this is not the case, as there are choices of g that are left invariant under normal or-
dering, such as the sum of a holomorphic function plus an antiholomorphic function,
g(w, w¯) = g1(w) + g2(w¯). Under such a transformation one can see that the state |0〉
satisfying eqn. (23) will not satisfy eqn. (24). We conclude that, in the absence of a
complex structure on classical phase space, the vacuum depends on the observer. The
state |0〉 is only defined locally on C; it cannot be extended globally to all of C.
Similar conclusions may be expected for the coherent states |wl〉. The latter are
defined only locally, as eigenvectors of the local annihilation operator, with eigenvalues
given in equation (20):
al|wl〉 = wl|wl〉, l = 1, . . . , n. (26)
Due to [aj , a†k] = δ
j
k, under the nonholomorphic coordinate transformation (22), the
local coherent states |wl〉 are not mapped into the local coherent states satisfying
a′l|w′l〉 = w′l|w′l〉, l = 1, . . . , n (27)
in the primed coordinates. No such problems arose for the holomorphic operator equa-
tion A′ = F (A) corresponding to the holomorphic coordinate change z′ = f(z) of
equation (7), because the commutator [Aj , A†k] = δjk played no role. Thus coherence
becomes a local property on classical phase space. In particular, observers not con-
nected by means of a holomorphic change of coordinates need not, and in general will
not, agree on what is a semiclassical effect vs. what is a strong quantum effect.
As in section 2, one can reverse the order of arguments. Start from the assumption
that, around every point on C, one can define local coherent states |wl〉 and a local vac-
uum |0〉, that however fall short of being global. This means that there exists at least
one symplectomorphism of C that does not preserve the globality property. Local co-
ordinates wl around any point are defined by the eigenvalue equations (26). Collecting
together the set of all such possible local charts we obtain an atlas for C. However,
unless the local coherent states |wl〉 are actually global, this atlas is nonholomorphic.
This defines an almost complex structure J .
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To summarise, the existence of an almost complex structure J is equivalent to the
existence of a locally–defined vacuum and locally–defined coherent states. When the
latter are actually global, then J lifts to a complex structureJ , whose associated almost
complex structure is J itself.
When are local coherent states also global? This question can be recast mathemat-
ically as follows: when does an almost complex structure J lift to a complex structure
J ? The almost complex structure J is said integrable when the Lie bracket [Z,W ]
of any two holomorphic vector fields Z , W on C is holomorphic. A necessary and
sufficient condition for J to be integrable is the following. Define the tensor field N
N(Z,W ) = [Z,W ]− [JZ, JW ] + J [Z, JW ] + J [JZ,W ] . (28)
Now the almost complex structure J lifts to a complex structure J if and only if the
tensor N vanishes identically [2]. In the particular case of real dimension 2, every al-
most complex structure is integrable. We can turn things around and recast the previous
theorem in physical terms: when the commutator of any two (infinitesimal) canonical
transformations on C maps coherent states into coherent states, then C admits a com-
plex structure. The latter is the lift of the almost complex structure J defined by ql+ipl
in terms of Darboux coordinates ql, pl. Conversely, if a canonical transformation on C
maps coherent states into noncoherent, or viceversa, then J does not lift to a complex
structure.
5.2 Proof of coherence
We have called coherent the states constructed in previous sections. However, we have
not verified that they actually satisfy the usual requirements imposed on coherent states
[5]. What ensures that the states so constructed are actually coherent is the following
argument. Any dynamical system with n degrees of freedom that can be transformed
into a freely–evolving system can be further mapped into the n–dimensional harmonic
oscillator. The combined transformation is canonical. Moreover it is locally biholo-
morphic when C is a complex manifold. Thus locally on C, the states |zl〉 of section
2 coincide with the coherent states of the n–dimensional harmonic oscillator. Math-
ematically this fact reflects the structure of a complex manifold: locally it is always
biholomorphic with (an open subset of) Cn. Physically this fact reflects the decompo-
sition into the creation and annihilation modes of perturbative quantum mechanics and
field theory. In this way, the mathematical problem of patching together different local
coordinate charts (Uα, zlα) labelled by an index α may be recast in physical terms. It
is the patching together of different local expansions into creators A†α and annihilators
Aα, for different values of α.
In particular, we can write the resolution of unity on H associated with a holomor-
phic atlas on C consisting of charts (Uα, zlα):
∑
α
n∑
l=1
∫
C
dµC |z
l
α〉〈z
l
α| = 1, (29)
where dµC is an appropriate measure (an (n, n)–differential) on C.
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Analogous arguments are also applicable to the states |wl〉 of section 5.1. Every
coordinate chart on C is diffeormorphic to (an open subset of) R2n, so the |wl〉 look
locally like the coherent states of the n–dimensional harmonic oscillator. However, the
loss of holomorphicity of C alters equation (29) in one important way. We may write
as above ∑
α
n∑
l=1
∫
C
dµC |w
l
α〉〈w
l
α|, (30)
but we can no longer equate this to the identity on H. The latter is a complex vector
space, while eqn. (30) allows one at most to expand an arbitrary, real–analytic function
on C, since the latter is just a real–analytic manifold. Hence we cannot equate (30) to
1H. We can only equate it to the identity on the real Hilbert space of real–analytic
functions on C. This situation is not new; coherent states without a resolution of unity
have been analysed in the literature, where they have been related to the choice of
an inadmissible fiducial vector. It is tempting to equate this latter choice with the
viewpoint advocated here about the vacuum state.
5.3 Dualities on almost complex phase spaces
Let us consider the case when C admits a certain foliation F by holomorphic, sym-
plectic leaves L [11]. For simplicity we will make a number of technical assumptions.
First, the leaves L have constant real dimension 2m, where 0 < 2m < 2n; m is
called the rank of the foliation F . We will use the notation L˜ to denote the 2(n−m)–
dimensional complement of the L in C. We will assume maximality of the rank m,
i.e., no holomorphic leaf exists with dimension greater than 2m. Second, we suppose
that the restrictions ωL and ωL˜ of the symplectic form ω render the leaves L and their
complements L˜ symplectic. Third we assume that, on the L, the complex structure is
compatible with the symplectic structure as in section 2. Fourth, the complement L˜ is
also assumed to carry an almost complex structure compatible with ωL˜ as in section
5.1. All these assumptions amount to a decomposition of ω as a sum of two terms,
ω = ωL + ωL˜, (31)
where in local Darboux coordinates around a basepoint b ∈ C we have
ωL =
m∑
k=1
dpk ∧ dq
k, ωL˜ =
n∑
j=m+1
dpj ∧ dq
j . (32)
Furthermore the combinations zk = qk + ipk, k = 1, . . . ,m, are holomorphic coordi-
nates on L, while the combinations wj = qj + ipj , j = m+ 1, . . . , n, are coordinates
on L˜. In this way a set of coordinates around b is
z1, . . . , zm, wm+1, . . . , wn. (33)
The holomorphic leaf L passing through b may be taken to be determined by
wm+1 = 0, . . . , wn = 0, (34)
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and spanned by the remaining coordinates zk, k = 1, . . . ,m.
The construction of the previous sections can be applied as follows. Coherent states
|zk;wj〉 can be defined locally on C. They cannot be extended globally over all of C,
as the latter is not a complex manifold. However the foliation consists of holomorphic
submanifolds. On each one of them there exist global coherent states specified by
equations (33), (34), i.e.,
|zk;wm+1 = 0, . . . , wn = 0〉. (35)
Physically, this case corresponds to a fixed splitting of the n degrees of freedom in such
a way that the first m of them give rise to global coherent states on the holomorphic
leaves. On the latter there is no room for nontrivial dualities. On the contrary, the last
n−m degrees of freedom are only locally holomorphic on C. Holomorphicity is lost
globally on C, thus allowing for the possibility of nontrivial duality transformations
between different holomorphic leaves.
Let us analyse the resolution of unity in terms of the states |zk;wj〉. With the
notations of section 5.2, the expansion
∑
α
m∑
k=1
n∑
j=m+1
∫
C
dµC |z
k
α;w
j
α〉〈w
j
α; z
k
α| (36)
cannot be equated to the identity, for the same reasons as in section 5.2. However,
integrating over the wl, the expansion
∑
α
m∑
k=1
∫
L
dµL |z
k
α〉〈z
k
α| (37)
can be equated to the identity. The integral extends over any one leaf of the foliation.
On the contrary, integrating over the zk in eqn. (36) would not give a resolution of the
identity.
5.4 Examples
As explained in section 1.3, all physical systems appearing in standard applications of
quantum mechanics admit a unique complex structure compatible with the symplectic
structure on their classical phase spaces. The harmonic oscillator, the Coulomb poten-
tial, and angular–momentum degrees of freedom, all fall into this category. Specifi-
cally, the n–dimensional harmonic oscillator has C = Cn, a particle in a Coulomb po-
tential has C = T ∗(S2)×T ∗(R+), where T ∗(S2) and T ∗(R+) are the cotangent bun-
dles to the sphere S2 and the half axis, repectively, a spherical rotor has C = T ∗(S2),
and a spin–1/2 system (inasmuch as it possesses a classical phase space) has C = S2.
Therefore we cannot expect to find examples of nontrivial dualities within standard
quantum mechanics. In fact this is good news, since we do not wish to modify quan-
tum mechanics as we know it. Rather, our goal is that of complementing it, so it will
accommodate dualities once we go beyond its usual applications.
Outside these well–known systems one can find examples of classical phase spaces
that meet the criteria of section 5.3. It suffices to take for C the Cartesian product of a
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symplectic but noncomplex space C1, times a complex space C2. For the latter we can
consider any of the above. An example of the former can be found in ref. [12], where C1
is a nontrivial U(1)–bundle over another U(1)–bundle over the torus T 2. The product
of this C1 with, say, C2 = T ∗(S2) (a spherical rotor) admits a foliation by holomorphic
leaves (C2), whose complementary leaves (C1) are symplectic but nonholomorphic.
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